We show that a locally compact group G is not amenable if and only if it admits a Borel paradoxical decomposition.
In 1938 A. Tarski [7] proved the following remarkable theorem. Let G be a group acting invertibly on a set X and A c X. Then there exists a positive, finitely additive, G-invariant measure p on X with p(A) = 1 if and only if A does not admit a paradoxical decomposition. Here, a subset B of X admits a paradoxical decomposition (p.d.) if there exists a partition Ax,...,Am,Bx,...,Bn of B and elements xx,..., xm, yx,...,ynofG such that both {x¡A¡: 1 < /' < wi) and {y¡B¡: 1 < i < n)
are partitions of B. (Thus, by using G-translates, we can "pack" two copies of B into itself.) In the above circumstances it is convenient to say that A¡, B¡, x¡, y¡ is a p. 
(Note that if (C") is a decreasing sequence of subsets of H, then C)^x(CnT) = (f]^xCn)T.)
Thus G admits a Borel p.d., so we can suppose that G = H-i.e., G is a-compact. Since G is a-compact, we can find a compact, normal subgroup K of G with G/K separable. Since K is amenable and G is not amenable, we have G/K not amenable. Let Q: G -» G/K be the quotient map. If there exists a Borel p.d. involving sets A¡, B¡, then, by considering Q~1(Ai), Q~l(B¡), we see that G admits a Borel p.d. We can therefore suppose that G is separable.
Let Ge be the identity component of G. Then G/Ge is totally disconnected, and so contains a compact open subgroup L. Let $: G -* G/Ge be the quotient map and H = <t>-1(L). Then H is an almost connected, open and closed subgroup of G. There are two cases to be considered.
(i) H is not amenable. A result of Rickert [5, 6] shows that there exists a discrete subgroup F of H isomorphic to the free group F2 on two generators. In particular, F is closed in H. Now H is separable since G is, and a result of [4] yields a Borel cross section B for the right F-cosets in H. Now F is, of course, not amenable, and so by Tarski's theorem, we can find a p.d. A\, B\, x¡, y¡ for F. Then A'¡B, B\B, x¡, y¡ is a p.d. for H, and the p.d. is Borel since each A\, B'¡ is countable and B is Borel. We then produce a Borel p.d. for G as in the second paragraph of the present proof.
(ii) H is amenable. The group G acts on the discrete space G/H in the usual way. We claim that there does not exist a G-invariant mean on ¿^(G/H).
(Indeed, following the usual line of argument in this context, if m were such a mean, and n was a left invariant mean on the space C(H) of bounded, continuous, complexvalued functions on H, then the map 4> -* m(xH -* n((<j>x)\H)), where d>x(y) = 4>(xy) (x, y e G), is a left invariant mean on C(G), giving G amenable and, hence, a contradiction.) By Tarski's theorem we can find a p.d. At, B¡, x¡, y¡ for G/H with respect to G. Then AtH, B¡H, x¡, y¡ is a Borel p.d. for G, and we are finished.
